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The presence of geometric scaling within the pT spectra of produced hadrons at high energy pp
collisions using small-x kT -factorization is investigated. It is proposed a phenomenological parame-
terization for the unintegrated gluon distribution in the scaling range which reproduces the features
of the differential cross section both in the saturated and dilute perturbative QCD regimes. As the
saturation scale acts as an effective regulator of the infrared region (IR), the extension of the model
to quantities usually associated to soft physics is studied. The approach is applied to compute the
average pT and the rapidity distribution of produced gluons at high energies.
I. INTRODUCTION
The transverse momentum spectra of produced
hadrons in pp(p¯) collisions is an observable that has
been analyzed in different experiments, from fixed tar-
get ones at low energies up to LHC energies. It is well
known that the features of this spectrum can be repro-
duced by a function that has a power-like fall-off with a
power index, n, at large pT , while the semi-hard region
of moderate or small pT depends on a relative momen-
tum scale, p0. These characteristics can be represented
by the function of Hagedorn [1], Ed
3σ
d3~p = C
(
1 + pTp0
)−n
,
which may also be interpreted as a Tsallis distribution
[2]. Thus, the parameters have their meaning in the con-
text of non-extensive statistical mechanics, with n asso-
ciated with entropy and p0 related to the temperature.
Phenomenological fits based on Tsallis distribution have
shown great precision in describing data from different
colliders over a wide range of collision energies,
√
s [3].
The hard-scattering of point-like particles predicts an in-
dex n = 4, while perturbative corrections generate a rise
in this value. It is higher at lower
√
s, i.e. n ' 8, and
close to n = 6 for collisions at TeV scale [4, 5]. The
collinear factorization framework in perturbative QCD
(pQCD) predicts an effective rise of this index due to the
ressumation of terms containing powers of αs logQ2 in
the cross section associated with the emission of collinear
radiation. Therefore, the value of the parameter n is di-
rectly connected to the dynamics of the partonic distri-
butions and the QCD factorization at hard momentum
scales. The presence of a typical momentum scale that
determines the growth of the cross section at high en-
ergies and at small pT is predicted within the satura-
tion/Color Glass Condensate (CGC) framework, i.e. the
saturation scale, Qs(x). This scale estabilishes the region
in which the gluon distribution has its maximum value,
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resulting in a slower growth of the cross section above this
limit. This behavior emerges in the data through the ge-
ometric scaling in the variable τ = Q2/Q2s(x), indicating
that the cross section does not depend separately on Q2
and x but rather on the ratio between the momentum and
saturation scales. This phenomenon has been reported in
different observables [6–10], even in the regime of relative
high momentum Q2  Q2s(x), which would imply that
the parameter n related to the pT spectra must be a func-
tion of the scaling variable within this regime. It can be
traced back to the geometric scaling behavior of the un-
integrated gluon distribution (UGD) in both the target
and projectile at sufficiently high energies. This is the
main guidance in phenomenological analysis that we will
perform in the present work.
While the collinear factorization framework is well-
established to calculate observables at high Q2, the satu-
ration framework makes use of kT -factorization at small-
x regime and semi-hard momentum scales where the fun-
damental quantity is the UGD, φ(x, k2T ), which is trans-
verse momentum dependent and directly related to the
QCD color dipole cross section, σqq¯(x, r). Distinct ap-
proaches have been being proposed to model the dipole
cross section [11–17] and although they give close results
in the saturated regime, in the limit of small dipole sizes,
r, different behaviors for the large kT tail of the gluon
distribution [18] is predicted. This fact leads to large
differences in the pT spectra at pT > Qs(x). In this
work we investigate the presence of geometric scaling in
inclusive hadron production using the kT -factorization
approach, where a parametrization for an UGD which
could be more directly related to the p−nT behavior at
large pT is proposed. We also discuss the role played by
the hadronization process regarding the transition of pro-
duced gluons into hadrons and how the scaling would be
violated in this situation. Within the saturated regime,
pT < Qs(x), the saturation framework has the advantage
that the saturation scale regulates the typical divergent
infrared (IR) behavior of the cross sections, which gives
us the possibility to calculate observables usually associ-
ated with non-perturbative physics like the total pp cross
section [19–21]. Furthermore, we analyze the feasibility
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2of our parameterization in describing observables that in-
volve the soft region, as the rapidity distribution and the
average pT of the produced gluons. This paper will be
organized as follows. In Sec. II we present the model for
the UGD based on general aspects of hadron pT spec-
tra. Predictions for the invariant cross section and aver-
aged pT are provided as well as a new geometric scaling
parametrization for Deep Inelastic Scattering (DIS) cross
section in the small-x region. In Sec. III, the results
are compared against experimental data of DIS and pT
hadron spectra of neutral and charged particles. Predic-
tions for the rapidity distribution and mean transverse
momentum of produced gluons are also shown. Finally,
in Sec. IV we summarize the main points and results and
expose our conclusions.
II. THEORETICAL FRAMEWORK AND MAIN
PREDICTIONS
In the color dipole approach applied to DIS the vir-
tual photon is decomposed by its hadronic Fock states,
which in leading order (LO) are a quark-antiquark pair,
qq¯. The interaction with the target is described in two
stages: the fluctuation of the virtual photon into the qq¯
pair and its subsequent interaction with the hadronic tar-
get. Concerning the first stage, the probability of the
virtual photon fluctuating into the qq¯ (with z and (1−z)
being the longitudinal momentum fraction of the quark
and the antiquark, respectively) is given by the photon
wave function squared, |Ψ(z, r)|2, where r stands for the
transverse size of separation between the quark and the
antiquark. In the second stage, the interaction between
the dipole and the target is computed by the dipole cross
section σqq¯(r), [22, 23],
σγ
∗p
(L,T )(x,Q
2) =
∫ 1
0
dz
∫
d2r|Ψ(L,T )(r, z)|2σqq¯(x, r),(1)
|ΨL(z, r)|2 = 6αem
(2pi)2
∑
nf
4e2fQ
2z2(1− z)2K20 (r),
|ΨT (z, r)|2 = 6αem
(2pi)2
∑
nf
e2f
{
[z2 + (1− z)2]2K21 (r)
+ m2fK
2
0 (r)
}
, (2)
where 2 = z(1 − z)Q2 + m2f and Kν are the Modified
Bessel Functions of the second kind. The summation
over the quark flavours with masses mf and charges ef
is explicitly shown. Following the optical theorem, we
can determine the dipole cross section considering that
the impact parameter dependence is factorized,
σqq¯(x, r) = 2
∫
d2b[1− S(x, r, b)] = σ0[1− S(x, r)]. (3)
In the expression above, S(x, r) is the dipole scattering
matrix and σ0 = 2piR2p is twice the proton transverse
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FIG. 1: Qs(x) and δn(τ) obtained from parametrization
of Eq. (15), with parameters determined from HERA
data.
area. It was assumed a Heaviside function for the impact
parameter dependence, S(x, r, b) = S(x, r)Θ(Rp− b). At
the limit of large dipoles, S(x, r) → 0, and the dipole
cross section reachs its maximum, σ0. The unintegrated
gluon distribution function can be obtained from the
Fourier transform of the dipole cross section [24, 25],
σqq¯(x, r) =
4pi
3
αs
∫
d2kT
k2T
(1− exp(i ~kT · ~r))φ(x, k2T ). (4)
The cross section for inclusive gluon production with
transverse momentum pT and rapidity y shall be calcu-
lated using the kT factorization approach [26],
E
d3σ
dp3
ab→g+X
=
2αs
CF
1
p2T
∫
d2kTφ(xa, k
2
T )φ(xb, (pT − kT )2),(5)
where xa,b are the forward light-cone variables of colliding
partons (gluons), respectively. That is,
xa =
pT√
s
ey, xb =
pT√
s
e−y. (6)
In Eq. (1), the saturation effects on the gluon distri-
bution leads to the γ∗p cross section remaining finite as
Q2 → 0. The saturation scale works as a regulator for
the soft region without the need of ad hoc cutoff. On the
other hand, the cross sections for jet production show a
divergent behavior in the infrared (IR) region when pT
goes to zero, which is an important feature of perturba-
tive interactions. If we analyze Eq. (5), the divergence in
p−2T when pT → 0 can be clearly verified. This divergence
is smoother than that one from parton model, namely
∼ p−4T divergence. Nevertheless, a cutoff is still needed.
The authors in Refs. [27–29] raised a possibility of im-
plementing the regularization through the mass of the
produced jet, p2T → p2T +m2. Analogously to the case of
mini-jet models, this type of cutoff requires a mass scale
that increases with energy, leading to the presence of two
dependent energy scales in the small pT region. Another
possibility has been addressed in [30, 31], in which the
3authors re-write Eq. (5) separating it into two regions
of integration: kT  pT and |~pT − ~kT |  pT . Thereby,
as pT goes to zero the integral also vanishes without any
dependence on a new momentum scale. Thus, the expres-
sion for the invariant cross section can be approximated
as,
E
d3σ
dp3
ab→g+X
=
αs
CF
1
p2T
{
φ(xa, p
2
T )
∫ p2T
d2kTφ(xb, k
2
T )
+ φ(xb, p
2
T )
∫ p2T
d2kTφ(xa, k
2
T )
}
. (7)
Now, we will introduce the main point in the present
work. A simple way to incorporate this behavior within
gluon distributions in IR region is to consider an effec-
tive regulator of the gluon propagator compatible with a
Yukawa potential, φ(k2T ) ∼ αsk2T /(1 + k2T /µ2). Such an
approach is utilized in [32] in order to model the soft-hard
interface of the gluon distribution. Here, we will assume
that the role of this regulator is played by the satura-
tion scale, µ = Qs(x). Hence, it produces a cross section
that behaves as E d
3σ
d3p ∼ p−4T in the regime of high pT ,
whereas corrections due to collinear radiation emission
should conduct to p−nT behavior, which will be embed-
ded into the gluon distribution through the parameter
δn. Such a quantity should grow in the hard region of the
spectra. In the scaling region, one has φ(x, k2T ) = φ(τ),
where τ = k2T /Q
2
s(x). The unitarity of S matrix, Eq.
(3), will constrain the UGD normalization due to the
fact that one should have
∫
dτ
τ φ(τ) =
3σ0
4pi2αs
. Given these
considerations, our ansatz for the gluon distribution is
the following,
φ(x, k2T ) =
3σ0
4pi2αs
(1 + δn)
Q2s
k2T(
1 +
k2T
Q2s
)(2+δn) , (8)
where Qs and δn dependencies on energy have to be re-
lated to the growth of total cross section as the collision
energy increases. Using the paramatetrization above for
φ(x, kT ) and considering central rapidity, the pT distri-
bution of the produced gluons in Eq. (5) is computed
as,
E
d3σ
d3p
= N0
ξ
ξ − 1
(
1− 1 + ξτ
(1 + τ)ξ
)
1
(1 + τ)1+ξ
, (9)
N0 =
9σ20
8CFpi3αs
, ξ = 1 + δn. (10)
The rapidity distribution of the produced gluons and
their mean momentum may be calculated by integrating
Eq. (5) over pT and y without the necessity of a cutoff
in the IR region,
dσ
dy
=
∫
d2pT
d3σ
d2pT dy
, (11)
〈 pT 〉 =
∫
d2pT
d3σ
d2pT dy
pT∫
d2pT
d3σ
d2pT dy
. (12)
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FIG. 2: Total cross section γ∗p obtained from the
dipole parametrization of Eq. (17) compared to data as
a function of the scaling variable for the intervals
τQ < 10
3 and x ≤ 0.08.
The total cross section, σpptot(
√
s), calculation using
the saturation formalism has been performed in [21],
where the authors split this quantity into two parts:
σT = σsat + σpQCD, which corresponds to the contri-
butions from the regions τ < 1 and τ > 1, respectively.
The latter has been calculated using the QCD collinear
factorization model. In this sense, the integral over p2T
in Eq. (9) produces the behaviors Q2s(1 + δn)2 for τ  1
and Q2s/δn for τ  1, which indicates that for small val-
ues of δn most part of total cross section is due to the
hard contribution on the spectrum.
The inclusion of hadronization process shall be per-
formed analogously to the collinear factorization ap-
proach taking into account a hadron that carries a frac-
tion z of the gluon momentum,
d3σ
d2pThdy
(pp→ h) =
∫
dz
z2
Dg/h(z,Q
2)
d3σ
d2pT dy
(pp→ g),
(13)
where z is the hadron momentum fraction, pTh = pTz is
the gluon momentum and Dg/h(z,Q2) is the gluon frag-
mentation function. The hadronization process might
lead to the violation of the scaling once the fragmen-
tation functions (FFs) depend on both z and Q2. In
addition, the collinear FFs usually employed are valid
from Q2 > 1. As in Ref. [27], we considered that the
hadronization process can be approximated performing
the substitution pT → pTh〈z〉 . Also, it was supposed that
〈z〉 does not vary within the scaling range. Thus, in this
case one has,
d3σpp→h
d2pThdy
=
K
〈z〉2
d3σpp→g
d2pThdy
(
pT =
pTh
〈z〉
)
, (14)
where in Eq. (14) we used the constants K and 〈z〉
to parametrize the hadronization process. It is impor-
tant to mention that for pT < Qs(x) the gluon spectrum
approaches zero as τ2. However, the inclusion of frag-
mentation functions leads to an integration over z, Eq.
4TABLE I: Parameters of the model for the QCD dipole cross section, determined from fits to data in the range
x ≤ 0.08 and Q2 = [0.045, 104] GeV2 [33]. Paramemeters for inclusive hadron production are also presented (see the
text for details).
σ0(mb) x0 ×10−5 a b K 〈z〉 χ2dof
σγ∗p 19.75 ± 0.09 5.05 ± 0.10 0.075 ± 0.002 0.188 ± 0.003 2.48
pp→ pi0 +X 1.361 ±0.081 0.345 ±0.006 1.50
pp→ h± +X 2.226 ± 0.065 0.418 ±0.004 1.77
(13), which continues to enhance towards the region of
small pTh. In Sec. III both approaches are compared and
we also investigate the influence of the FFs on hadron
spectra.
Having introduced the analytical expressions for the
UGD and gluon/hadron invariant cross sections, Eqs.
(8), (9) and (14), in next section we determine the de-
pendence on τ of the function δn by an adjust of the
small-x HERA data and then apply it to perform pre-
dictions for the charged and neutral hadron production
cross sections.
III. RESULTS AND DISCUSSIONS
Our procedure consists in fitting δn from total cross
section of DIS within the scaling domain and then look
into how compatible it will be with the pT spectra of
hadrons. The HERA data for x < 0.01 support geomet-
ric scaling whether they are plotted in terms of the ratio
Q2/Q2s(x) with Qs(x)2 ∼ x−λ, where λ ∼ 0.3. We as-
sume that the same behavior is compatible with data of
inclusive particle production in pp(p¯) collisions at high
energies. This is clearly demonstrated in the studies of
Refs. [34–37], where geometric scaling is shown to be
present in pp, pA and AA collisions. In the present anal-
ysis we have fixed λ = 0.33, fitting Q2s(x) and δn from ex-
perimental data. Then, we have verified that data can be
well described by supposing that δn varies slowly within
the whole scaling interval, being close to zero as τ → 0
and 0.3 for high τ . Accordingly, this behavior has been
modeled considering a power-like form, which results in
the following expressions,
δn(τ) = aτ b, (15)
Q2s(x) =
(x0
x
)0.33
. (16)
Moreover, the QCD dipole cross section can be analyt-
ically computed using the Fourier Transform of the gluon
distribution (3), which gives,
σqq¯(τr) = σ0
(
1− 2(
τr
2 )
ξKξ(τr)
Γ(ξ)
)
, (17)
where τr = rQs(x) is the scaling variable in the position
space, ξ = 1+δn and σ0 is a free parameter related to the
proton transverse area. We are left with 4 parameters to
be fitted, σ0, a, b and x0. In what follows we present
and discuss the results obtained by comparing the pro-
posed parametrization with the total cross section data
of DIS, Eq. (1). Afterwards, the scaling property ap-
plied to the invariant cross section for neutral pion and
charged hadron production at different center-of-mass en-
ergies is looked into. In addition, there is also a discussion
concerning the impact of saturation effects on inclusive
gluon production and how it affects the hadron produc-
tion at high energies. Moreover, the role played by the
parameter δn on observables regarding the IR domain
is investigated. Specifically, we analyze the rapidity dis-
tribution of the produced gluons, which is relevant for
the inclusive total cross section determination within the
saturation domain.
In Table I the fit results concerning HERA data
[33, 38, 39] for x ≤ 0.08 using the parametrization (15)
are presented. The Fig. (1) shows δn(τ) (left) in terms
of the scaling variable τQ = Q2/Q2s and Qs(x) (right)
as a function of x (considering x and τQ ranges of ex-
perimental data). Regarding Fig. (2), it displays the
γ∗p cross section as a function of the scaling variable τQ.
This quantity is determined using Eq. (1) along with the
dipole cross section parametrization in Eq. (17). We can
clearly see that Qs(x) = 1 GeV at x0 = 0.5 × 10−4.
These results are near to those encoutered in analy-
ses performed by [12]. The δn parameter controls the
cross section behavior for inclusive gluon production at
pT > Qs(x) and varies from δn ∼ 0.05 at τ = 0.01 up to
δn = 0.3 at τ = 103. Such a fact implies that the cross
section should depend on p−4.6T at the edge of the region
where scaling is broken, which is in agreement with the
expoent n extracted from the cross section for jet pro-
duction at high energies. In Fig. (3) we compare the
UGD obtained in this work with GBW parametrization
[12] and KS [40] which reproduces DGLAP behavior at
kT > Qs(x). We can see that at low kT our parametriza-
tion behaves like GBW. However, at kT > Qs the su-
pression presented by the gaussian shape of GBW dis-
tribution is too large to describe the hadronic spectra,
where our parametrization gives close results to the KS
distribution that includes collinear resummation effects.
The scaling in inclusive hadron production in pp and
pp¯ collisions become more evident whether we combine
data from different colliders covering a large range of the
scaling variable, τh and xh. In such a case we define
τh = p
2
Th/Q
2
s(xh) and xh =
pTh√
s
. The Fig. (4) presents
data from ALICE and CDF collaborations [41–43] for
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FIG. 3: Comparasion of UGD obtained in this work with GBW [12] and KS [40] at different values of x.
charged hadron production (left) and data from ALICE,
UA2 and PHENIX [44–48] for neutral pion production
(right) compared to our prediction. The values of 〈z〉
and K were fitted within the range 1 < τh < 100 consid-
ering Eq. (14), since for τh > 100 the scaling should be
less accurated. It can be checked that the region τh < 1
of small pT is strongly sensitive to the hadronization pro-
cess. This fact diminishes the accuracy of the gluon dis-
tribution scaling in this region of the hadronic spectra.
The fitted values are presented in Table I which considers
data from pp collisions, since we observed that at pp¯ col-
lision we have a significant amount of scaling violation.
In this case the predictions to pp¯ are obtained by ex-
trapolation. The mean values of the momentum fraction
z carried by the hadron are fairly distinct in both cases,
though they are close to those obtained from models that
use collinear factorization [49]. The data displayed in Fig
(4) cover the region 0.01 < τh < 1000 and may be related
to τ whether it is taken into account that if x = pT√
s
and
pT =
pTh
〈z〉 , we get τh = τ 〈z〉2.33. The scaling domain ex-
tends up to τ = 103 for HERA data, which corresponds
to τpi0 = 84 and τh± = 131. Besides, the scaling exten-
sion for higher values of τh observed in charged hadron
spectra with relation to neutral pion can be understood
by the difference in 〈z〉. The Fig. (5) presents our results
compared to data as a functon of pTh within the scaling
region for distinct values of
√
s. It can be noticed that
saturation effect leads to correct growth of the spectra in
terms of the enhancement of
√
s. It is important to re-
alize that collinear factorization formalism requires some
additional mechanism to reproduce the growth of cross
section as a function of
√
s through the factor K(
√
s) or
by including the intrinsic transverse momentum.
The region of small pTh should be sensitive to the
specific form of fragmentation functions and the hadron
mass. Furthermore, there is a deviation of cross section
scaling in this region. To measure the impact of FF on
our results we calculatet the cross section using KKP [50]
and HKNS [51] fragmentation functions in LO by inte-
grating Eq. (13) and compared the result with the one
where a constant value for z is considered. The momen-
tum scale Q2 utilized in the analysis is the hadron trans-
verse momentum, pTh. In the region where Q2 < Q20 the
scale is fixed at this value. The result is presented in Fig.
(6) for pi0 production and it can verified that for τh < 1
there is a decreasing of the growth of the spectra due
to saturation of gluon distribution. On the other hand,
the growth caused in this region is still higher than the
one shown by data. The gluon FF is parametrized as
zα(1−z)β and the enhancement related the cross section
within the region τh < 1 may be assigned to the parame-
ter α, which is considerably different in the case of KKP
and HKNS fragmentation functions.
Finally, we have estimated the rapidity distribution of
the produced gluons by integrating Eq. (11) over pT for√
s = 13 TeV at the LHC considering different values of
δn, which are showed in Fig. (7). We observe that even a
small increasing of δn implies in a significant reduction of
cross section. In particular, the variation of δn from 0 up
to 0.3 leads to a decreasing of the distribution in the cen-
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FIG. 4: Invariant cross section in terms of the scaling variable, τh, for charged hadron and neutral pion production
at different values of centre-of-mass energies,
√
s.
tral region by a factor 2/3. The Fig. (7) shows the mean
values of gluon pT as a function of
√
s for the same values
of δn. Clearly, the highest values of δn leads to higher
mean momentum of the produced gluon. In the case of
the hadronic spectra, the calculation of 〈pTh〉 and dσ/dy
depends basically on the behavior of the fragmentation
funtions within the region pTh < 1. The data from CMS
collaboration [52] show that 〈pTh±〉 = 0.5 at
√
s = 2.76
TeV. This is compatible with our results using z ' 0.3.
There are different approaches for the calculation of ra-
pidity distribution and mean transverse momentum of
the produced hadrons that are strongly dependent on the
region pT < 1, such as the inclusion of intrinsic momen-
tum in Ref. [27] or the extension of FFs for this region
[28].
The analysis presented here is very close to the ones
discussed in Refs. [34–37]. There, the invariant cross
section is written in terms of a universal function, F (τh),
which is modeled phenomenologically making use of the
Tsallis parametrization [2],
dσ(pp→ h)
dyd2pT
=
S⊥
2pi
Fh(τh), (18)
Fh(τh) ≈ Nh
[
1 +
τ
1/(2+λ)
h
nhκh
]−nh
, (19)
where the Tsallis temperature of the hadron of specie h
is given by Th ≈ κh〈Qs(x)〉 [36]. As the temperature is
driven by the average saturation scale, 〈Qs〉, it is energy
dependent. The constant κh ∼ 0.1 is fitted from ther-
mal distributions of hadrons. The overall normalization,
Nh = γhbh/(2κ
2
h), depends on the constants γh and bh
which can be calculated analitically in terms of κh and
the energy independent constant ,nh [36]. Comparing our
expression in Eq. (9), we identify nh ∼ (3 + 2δn). How-
ever, the functional form of F (τh) in the present work is
quite distinct of that in [36].
The very same Tsallis-like parametrization described
above is investigated in Ref. [53], where the scaling func-
tion is given by,
Fh(τh) =
[
1 + (q − 1)τ
1/(2+λ)
h
κ
]−1/(q−1)
, (20)
where the non-extensive parameter q = 1.134 and κ =
0.1293 have been determined recently [54] using the avail-
able data on inclusive hadron production. The descrip-
tion of geometric scaling in the semi-inclusive transverse
momentum spectra in pp collisions taking into account
the same formalism has been done in Ref. [55]. In [55]
the inclusive distribution with fixed multiplicity or lim-
ited multiplicity class is considered and it is assumed the
same relations (18) and (20) as for inclusive case. In ad-
dition, the replacements S⊥ → S∗⊥ and
√
s → √s∗ are
performed, where the latter is the effective energy replac-
ing the actual colliding energy.
Still along the Tsallis-like distribution, in Refs. [56, 57]
scaling is also observed for the variable z = pT /K with
K being a scaling parameter energy-dependent. The
scaling function is related to the pT -spectra in the form
Φh(z) = AE
d3σ
d3~p (pT = Kz), where the parameters K and
A depend on the collision energy. The scaling for iden-
tified hadrons, Φh (with h = pi, K, p), has the following
form,
Φh(z) =
[
1− (1− q)
√
m2h + z
2 −mh
z0
]1/(1−q)
, (21)
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FIG. 5: Transverse momentum spectra within the scaling region τ < 103 as a function of pTh. The data are
multiplied by a factor 10i at each energy for better visualization.
where Cq, q and z0 are free parameters, mh is the mass
of the particle species, and 1 − q is a measure of the
non-extensivity [56]. The formalism has been extended
in [57] in order to include the scaling behaviour in the
pT spectra of strange particles (K0S , Λ, Ξ, φ) at pp high
energy collisions.
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FIG. 6: Comparison between the results using 〈z〉 and
the fragmentation functions KKP and HKNS.
In a related study, in Ref. [58] the average transverse
momentum, 〈pT 〉, dependence of identified light flavour
charged hadrons on the quantity τn =
√(
dN
dy
)
/S⊥ has
been investigated. Local parton-hadron duality and di-
mensionality arguments foresee the depletion of the ra-
tio between the mean transverse momentum and the
square root of the hadron multiplicity per unit of ra-
pidity and unit of the colliding hadrons transverse over-
lapping area towards central collisions. Namely, Rh =
〈pT 〉/
√(
dN
dy
)
/S⊥ is proportional to 1/(n
√
n) where n
is the number of charged hadrons produced via gluon
fragmentation. In that work, the scaling variable is the
quantity τn and it is expected that the global properties
of the hadron production are determined by the prop-
erties of flux tubes of size ∼ 1/τn and are weakly in-
fluenced by the size of the colliding system. The slopes
of the average pT , 〈pT 〉, particle mass dependence and
the 〈βT 〉 parameter from Boltzmann-Gibbs Blast Wave
(BGBW) fits scale nicely with τn. The successfulness of
the scaling parametrizations above for the single-particle
distribution from the statistical mechanics point of view
is based on a data description using only 3 degrees of
freedom. Namely, in the lowest-order approximation the
production process is characterized by a power index n
which can be represented by a nonextensivity parameter
q = (n+1)/n, the average transverse mass, 〈mT 〉, and the
overall normalization A that is related to the multiplic-
ity per unit rapidity when integrated over transverse mo-
mentum. In particular, the average transverse mass can
be represented by an effective temperature T = 〈mT 〉/n.
For instance, in Fig. 8 of Ref. [59] both the low and large
pT single hadron spectra is adequately described (com-
pared to data from UA1, ALICE, ATLAS and CMS) by
using the simple non-extensive statistics parametrization,
E
d3σ(pp→ h)
d3~p
∣∣∣∣
y=0
= Ae−mT /Tq , (22)
e−mT /Tq =
[
1 +
mT
nT
]−n
, n =
1
(q − 1) ,
wheremT =
√
m2pi + p
2
T . The quality of the data descrip-
tion was subsequently corroborated by a series of similar
works [60–63].
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It was argued in [59] that the simplification of all
complicated stochastic dynamics in hard scattering can
be considered as a no hair reduction from the micro-
scopic description to nonextensive statistical mechanics
[64]. Therefore, the inherent complexities at microscopic
level disappear and are subsumed behind the stochastic
processes and integrations. Interestingly, it has been re-
cently proposed [65, 66] that fractal structures cause the
emergence of non extensivity in the system described by
Tsallis statistics. The thermodynamical aspects of such
a system is connected to the microscopic interaction of
its pieces through the S-matrix.
IV. SUMMARY AND CONCLUSIONS
In this work we have investigated the role played by
the geometric scaling for inclusive hadron production
at high energies taking into account a phenomenologi-
cal parametrization for unintegrated gluon distribution
function. Also, we have proven that the scaling is a good
approximation within a large interval of pTh and
√
s. The
decreasing related to the growth of total cross section at
small pT may be viewed as an effect due to saturation
of gluon production in that region. Moreover, we have
showed that the saturation formalism applied to dipole
cross section produces the correct growth of the spectra
concerning the produced hadrons in pp collisions as the
energy increases. In this case, we have evidenced that
the enhancement of the spectra in terms of
√
s and the
power index pnT which describes the behavior of this ob-
servable in the region of high pT are related through the
saturation scale. In the region where τh < 1, it can be
seen that there is a huge influence of the hadronization
process from the produced gluons. In this context, some
mechanism for the soft hadronization is somewhat neces-
sary. Furthermore, we have verified that the behavior of
gluon distribution in the region of high pT has a strong
impact on the determination of the rapidity distribution
and inelastic total cross section once in the saturation
formalism the soft region is regulated by the scale Qs(x).
Such a fact implies that these quantities receive an im-
portant contribution from this region.
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